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We study the low-frequency properties of the bulk photovoltaic effect in topological semimetals. The bulk
photovoltaic effect is a nonlinear optical effect that generates DC photocurrents under uniform irradiation, al-
lowed by noncentrosymmetry. It is a promising mechanism for a terahertz photodetection based on topological
semimetals. Here, we systematically investigate the low-frequency behavior of the second-order optical con-
ductivity in point-node semimetals. Through symmetry and power-counting analysis, we show that Dirac and
Weyl points with tilted cones show the leading low-frequency divergence. In particular, we find new divergent
behaviors of the conductivity of Dirac and Weyl points under circularly polarized light, where the conductivity
scales as ω−2 and ω−1 near the gap-closing point in two and three dimensions, respectively. We provide a
further perspective on the low-frequency bulk photovoltaic effect by revealing the complete quantum geometric
meaning of the second-order optical conductivity tensor. The bulk photovoltaic effect has two origins, which
are the transition of electron position and the transition of electron velocity during the optical excitation, and the
resulting photocurrents are respectively called the shift current and the injection current. Based on an analysis
of two-band models, we show that the injection current is controlled by the quantum metric and Berry curva-
ture, whereas the shift current is governed by the Christoffel symbols near the gap-closing points in semimetals.
Our work brings out new insights into the structure of nonlinear optical responses as well as for the design of
semimetal-based terahertz photodetectors.
I. INTRODUCTION
Topological semimetals are emerging as efficient infrared
and terahertz photodetectors [1]. In contrast to semiconduc-
tors whose absorption spectum is bounded below by the band
gap, semimetals can detect radiations down to the terahertz
range because of their gapless spectrum. A promising mecha-
nism for the generation of photocurrents in semimetals is the
bulk photovoltaic effect. It refers to the generation of pho-
tocurrent under uniform irradiation of light due to the intrin-
sic inversion asymmetry of the system. Since the bulk pho-
tovoltaic effect does not require a bias voltage for breaking
inversion symmetry, dark current noise can be suppressed [1].
To achieve high photosensitivity, we need to understand
how to obtain large photoconductivity. It is believed that
band topology plays an important role [2–4]. The bulk pho-
tovoltaic effect occurs due to the inversion-asymmetric tran-
sition of electron position or velocity during the optical exci-
tation, and the resulting photocurrents are respectively called
the shift current and the injection current [5]. In nonmagnetic
systems, linearly polarized light induces shift currents while
circularly polarized light induces injection currents. Remark-
ably, both the linear shift [2] and circular injection [3] currents
were found to be intimately related to the topological quanti-
ties, the Berry connection and the Berry curvature, respec-
tively. These discoveries has lead to various theoretical and
experimetnal studies searching for topological enhancement
near the gap-closing points [6–17].
However, while there is a concrete proportional quantita-
tive relationship between the injection current and the Berry
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curvature, no such a quantitative relation exists between the
shift current and the Berry connection. For example, a Dirac
point in two dimensions has a quantized pi Berry phase, thus
having a nontrivial Berry connection. Nevertheless, such a
Dirac point does not generate a shift current because of its in-
version symmetry. Furthermore, no simple relation was found
between the shift current and the shift vector [18], a gauge-
invariant quantity related to the Berry connection, without
some special requirements like the momentum independence
of the dipole matrix elements [19].
The bulk photovoltaic effect in magnetic topological
semimetals is more poorly understood, although a recent work
has revealed some general aspects [20]. Due to time-reversal
symmetry breaking in magnetic systems, linearly (circularly)
polarized light can generate injection (shift) currents as well as
shift (injection) currents. There are some works highlighting
the generation of large linear injection currents in magnetic
systems [20–25], but the relationship between the response
and band topology has not been understood. Moreover, there
has been very little attention to the circular shift current, while
the first concept of the shift current appeared as a response to
circularly polarized light [26–28]. One reason for this is that
injection currents are typically stronger than the shift currents.
Since there is a rapid progress in the experimental observa-
tion [29–31] and theoretical proposal [32–40] of various mag-
netic topological semimetals, addressing optical properties in
magnetic topological semimetals is now a timely subject.
In this work, we reveal general low-frequency properties of
the shift and injection currents in magnetic and nonmagnetic
point-node semimetals. By employing symmetry and power-
counting analysis, we determine the leading low-frequency di-
vergence near the gap-closing point, as summarized in Table I.
We show that tilted Dirac and Weyl points can generate the
leading divergence. While the bulk photovoltaic response in
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2Response Linear Injection Circular Injection Linear Shift Circular Shift
Parity under T − + + −
Parity under PT + − − +
Geometric quantities Quantum metric Berry curvature Christoffel symbols of the first kind Symplectic Christoffel symbols
Leading divergence O(τωd−3) O(ωd−4)
TABLE I. Low-frequency properties of second-order DC photovoltaic responses. Linear and circular indicates the polarization of light.
Injection and shift conductivities are defined by Eq. (4). The sign ± indicates the parity of the conductivity tensor under the action of time
reversal T and spacetime inversion PT . See Eqs. (9) and (10). In T - (PT -) symmetric systems, only the responses with the positive T - (PT -)
parity appears. All of the four responses can appear when T and PT symmetries are both broken. Based on their symmetry properties, we call
the linear injection and circular shift current responses as PT -symmetric responses and the linear shift and circular injection current responses
as T -symmetric responses. Symplectic Christoffel symbols indicate the symplectic analog of the Christoffel symbol of the first kind (See
Eq. (33)). Here we consider only interband-transitive processes in the clean limit where the relaxation rate Γ = τ−1 is smaller than the photon
frequency ω. In this case, the injection current is typically larger than the shift current, and they become comparable when ω approaches Γ.
tilted Dirac and Weyl points have been studied [11, 21–23],
here we approach them in a unified view and discover new as-
pects. Our theory covers type-I and type-II spectrum of Dirac
and Weyl points in any dimensions. In particular, our analysis
include type-II Dirac points in two dimensions and type-I and
type-II Dirac points in three dimensions, which are relevant to
magnetic Dirac semimetals, whose shift and injection currents
have not been previously studied. It is widely known that the
protection of Dirac points against opening the gap requires
inversion symmetry, which forbids the bulk photovoltaic re-
sponse. That is true in nonmagnetic systems. However, in
magnetic systems, symmetry under the combination of spa-
tial inversion P and time reversal T , which is PT symmetry,
is enough for the protection [37–40], so inversion symmetry
can be broken. Also, we study the largely overlooked cir-
cular shift current in Weyl and Dirac systems. The circular
shift current grows fast as the photon frequency gets smaller,
and it scales as ω−1 in three dimensions. This indicates that
Dirac semimetals in three dimensions can show divergent pho-
tovoltaic responses like Weyl semimetals, although the Berry
curvature is identically zero due to PT symmetry. In two di-
mensions, it grows faster as ω−2.
We find that tilted Dirac and Weyl points show what we call
the separation of responses, where photocurrents of different
origins manifest through different current directions. For ex-
ample, circular shift and circular injection currents flow in
different directions. This can be useful in the detection of
shift currents in the coexistence of the stronger injection cur-
rents. The separation of responses originates from the sym-
metry transformation property under MxT , where x is the di-
rection of the tilting, so it remains robust in the system beyond
the k-linear approximation as long as the MxT symmetry (or,
in Weyl semimetals, MxT ∗ PT = C2x symmetry) is pre-
served.
Our symmetry and power-counting analysis are enough for
understanding the general pattern of the response for systems
with a linear spectrum. However, for a deeper understanding
of the response, we propose a new perspective on the low-
frequency bulk photovoltaic effect. We uncover the full ge-
ometric nature of shift and injection currents. Here, as well
as the Berry curvature, another geometric quantity called the
quantum metric has a crucial role. Since geometry has more
information than topology about quantum states, we observe
the consequence of band topology in a more broad perspective
through geometric quantities. We show that the linear injec-
tion conductivity is determined only by the quantum metric
near the gap closing, in the same way as the circular injection
conductivity is determined by the Berry curvature. This com-
pletes the geometric understanding of the injection currents
at the low-frequency regime. Furthermore, we show that the
shift conductivities are related to a more interesting quantity,
which is the Christoffel symbols. Unlike the Berry connec-
tion, which has a complicated relationship to the magnitude
of the shift current, the Christoffel symbols directly control
the magnitude of the response. In the viewpoint, the enhance-
ment of the shift and injection current responses near the gap-
closing point can be attributed to the divergence of the ge-
ometric quantities at the geometric singularity, i.e., the gap-
closing point.
The outline of this paper is as follows. We explain the shift
and injection currents as a second-order optical response in
Sec. II. Then, we study the symmetry and low-frequency di-
vergence of the shift and injection currents in Sec. III. Sec-
tion IV enriches our analysis by revealing the quantum geo-
metrical nature of the low-frequency responses. We elaborate
more on the symmetry and divergence with concrete models
and numerical calculations in Sec. V. Finally, we discuss sev-
eral issues about the low-frequency divergence and discuss a
generalization of our geometric interpretation to many-band
systems in Sec. VI.
II. SHIFT AND INJECTION CURRENTS
Let us expand current density j in increasing power of the
electric field E as
jc = σc;a(1)Ea + σ
c;ab
(2) EaEb + σ
c;abc
(3) EaEbEc + . . . . (1)
The first term is the familiar linear response, and the other
terms are nonlinear responses. Here, only the even-order
conductivity tensors can contribute to the bulk photovoltaic
response, which should vanish in centrosymmetric systems.
Therefore, the bulk-photovoltaic effect is intrinsically a non-
linear optical response. In our work, we assume that the elec-
tric field is sufficiently small (we discuss in Sec. VI how small
it should be) and consider only the second-order response,
3which is the leading-order response for the bulk photovoltaic
effect.
The second-order optical response under the uniform illu-
mination of light has the form jc(ω1 + ω2) = σc;ab(ω1 +
ω2;ω1, ω2)Ea(ω1)Eb(ω2) in general. Let us focus on the DC
(direct current) generation
jcDC = σ
c;ab
DC (ω)Ea(ω)Eb(−ω), (2)
where jcDC = j
c(0), and σc;abDC (ω) = σ
c;ab(0;ω,−ω). In the
clean limit — where the interband relaxation rate is smaller
than the photon frequency and the band gap, interband transi-
tions are described by two processes: shift and injection.
σc;abDC = σ
c;ab
shift + σ
c;ab
inj . (3)
The shift and injection currents correspond to the current gen-
erated by the change of the electron position and velocity,
respectively, during the interband transition of electrons [5].
One can see this by noting that the shift and injection con-
ductivities have the form of the Fermi Golden rule [5] (See
Appendix C for explicit calculations). Explicitly, they have
the form
σc;abshift = −
pie3
~2
∫
k
∑
n,m
fFDnm(R
c,a
mn −Rc,bnm)rbnmramnδ(ωmn − ω)
σc;abinj = −τ
2pie3
~2
∫
k
∑
n,m
fFDnm∆
c
mnr
b
nmr
a
mnδ(ωmn − ω),
(4)
where
∫
k
=
∫
ddk/(2pi)d, fFDn is the Fermi-Dirac distribution
of the band n, fFDnm = f
FD
n −fFDm , ~ωmn = ~ωm−~ωn is the
energy difference between bands m and n, H|n〉 = ~ωn|n〉,
ramn = 〈m|i∂a|n〉 and vcmn = ~−1 〈m|∂cH|n〉, and we use
the notation ∂a = ∂/∂ka. Rc;amn = r
c
mm − rcnn + i∂c log ramn
is called the shift vector — characterizing the interband-
transition of the displacement, and ∆cmn = v
c
mm − vcnn is the
interband-transition of the velocity. τ is the relaxation time
that saturates the injection current: withtout it, the injection
of moving electrons and holes leads to a constant growth in
time. We take the electron charge as −e (i.e., e > 0). Eq. (4)
is valid with and without time-reversal symmetry.
III. SYMMETRY AND POWER-COUNTING ANALYSIS
To get a general perspective on the low-energy properties
of the shift and injection currents, we review their symmetry
properties and then study the pattern of low-frequency diver-
gences. The key properties presented in this section are sum-
marized in Table I, and they serve as basic ingredients for the
analysis in Sec. V.
A. Symmetry of the shift and injection conductivities
Let us first decompose the second-order DC conductivity
into its real and imaginary parts:
σc;ab(ω) = σc;abL (ω) + iσ
c;ab
C (ω). (5)
Using E∗(ω) = E(−ω) and Eq. (2), one can see that the
conductivity can be symmetrized such that
σc;abL (ω) = σ
c;ba
L (ω),
σc;abC (ω) = −σc;baC (ω), (6)
as long as the real part of the photocurrent is con-
cerned. Therefore, we always consider conductivity ten-
sors satisfying Eq. (6). Assuming the form E(t) =
|E|e−iωt(cosφ, sinφ, 0)+c.c. for linearly polarized light and
E(t) = |E|e−iωt(1, i, 0) + c.c. for circularly polarized light,
the real part of the second-order optical conductivity is
RejcL−dc = (σ
c;xx
L cos
2 φ+ σc;yyL sin
2 φ
+ 2σc;xyL sinφ cosφ)|E2|
RejcC−dc = (σ
c;xx
L + σ
c;yy
L − 2σc;xyC )|E2|. (7)
The real part of the conductivity is responsible for the cur-
rent generation regardless of the polarization,while the imag-
inary part of the conductivity is responsible for the current
generated by the circularly polarized light. If one measures
the current difference between the ones generated by left-
circularly polarized light and right-circularly polarized light
∝ σc;xy − σc;yx, only the imaginary part contributes. In the
following, we call the real part σc;abL as linear conductivity and
the imaginary part σc;abC as circular conductivity.
From the definition in Eq. (2) and the transformation prop-
erties of the current and electric field, it is clear that the
second-order optical conductivity transforms like a third-rank
tensor under spatial transformations. That is, σ′c1;a1b1DC =
Mc1cMa1aMb1bσc;abDC under a point-group symmetry trans-
formation xa → x′a = Mabxb 1. However, one should be
careful when taking time reversal for relaxational processes as
is well-known from the Onsager reciprocity relations in linear
response theory [41–43]. For example, it seems like Eq. (2)
implies that time reversal reverses the sign of the DC conduc-
tivity for linearly polarized light. However, we need to addi-
tionally reverse the sign of phenomenological relaxation rate
Γ, in order to make the decay in time to the growth in time.
The correct time reversal for the second-order DC conductiv-
ity is
σc;abDC (ω,Γ)→ σ′c;abDC (ω,Γ) = −σc;baDC (ω,−Γ). (8)
See Appendix D. When applying this equality, the delta func-
tion and τ should be interpreted as pi−1Γ/[(ωmn − ω)2 + Γ2]
and Γ−1, so they reverses sign under Γ→ −Γ. Thus, the real
part of the shift and injection conductivity tensor transforms
as
σ′c1;a1b1shift,L =Mc1cMa1aMb1bσc;abshift,L
σ′c1;a1b1inj,L = (−1)sTMc1cMa1aMb1bσc;abinj,L, (9)
1 We define σ′c;abDC by j
′c
DC = σ
′c;ab
DC E
′
aE
′
b, where j
′c1 = Mc1cjc and
E′a1 =Ma1aEa2 .
4and the imaginary part transforms as
σ′c1;a1b1shift,C = (−1)sTMc1cMa1aMb1bσc;abshift,C
σ′c1;a1b1inj,C =Mc1cMa1aMb1bσc;abinj,C. (10)
under the spacetime symmetry transformation (t, xa) →
(t′, x′a) = ((−1)sT t,Mabxb). Alternatively, one can ver-
ify these transformation rule by examining transformations of
Rc,amn, r
a
nm, ∆
c
mn from the form in Eq. (4). See Appendix E
for a derivation.
Knowing these symmetry transformation properties, one
can use the MTENSOR [44] in the Bilbao Crystallographic
Server to see which tensor components are required to vanish
by symmetry for any of 80 magnetic point group symmetry.
For our purpose, the most important symmetries are simply
time reversal T and spacetime inversion inversion PT sym-
metries. We summarize their role in Table. I. While only linear
shift and circular injection currents can be generated in time-
reversal-symmetric systems, they vanish in PT -symmetric
systems, so linear injection and circular shift currents can be
generated. time-reversal symmetry and spacetime inversion
symmetry are thus complementary to each other, as pointed
out in [20]. This behavior is manifested in the geometric quan-
tities related to the responses. As we show below in Sec. IV,
T -symmetric responses are related to both of the Berry curva-
ture and the quantum metric, while PT -symmetric responses
are related to the quantum metric only. In general magnetic
systems without T and PT symmetries, all of the four types
of currents can be generated.
B. Power-counting analysis of the low-energy divergence
Let us now examine the low-energy divergence of the
second-order responses in semimetals. We can estimate the
divergence by counting the power of photon frequency in
Eq. (4). Since the delta function has dimension ω−1, Rc and
ramn has dimension k
−1, and ∆c has dimension ω/k, the shift
and injection conductivity scales as
σc;abshift ∼
e3
~2
1
ω
kd−3,
σc;abinj ∼
e3
~2
τkd−3. (11)
where k is the characteristic wave vector. When the system
has dispersion E ∝ kα, k ∼ E1/α ∼ ω1/α. Thus, smaller α
is preferred to get large optical responses for small ω in 2D,
while it is independent on the dispersion in 3D.
In lattice systems, stable Weyl points always (and also
Dirac points protected by symmorphic symmetries [45])
appear pairwise according to the Nielsen-Ninomiya theo-
rem [46, 47]. Therefore, a response in semimetals should be a
sum of responses from different Weyl or Dirac points. How-
ever, different gap-closing points are located at different en-
ergy levels in general, so it is expected that only a particular
point contributes to the low-energy response significantly [3].
An exact cancellation or reinforcement among different gap-
closing points can occur due to symmetries, but it can be con-
sidered straightforwardly from the symmetry transformation
properties of the conductivity tensor. In this regard, the re-
sponse from a single gap-closing point can be associated with
the low-energy response of a whole system.
Thus, we consider a gap-closing point with a linear disper-
sion, described by a Dirac Hamiltonian
H0(k) = ~v
d∑
a=1
kaΓa, (12)
where Γa are mutually anticommuting matrices, such that the
spectrum has the form
E(k) = ±~v|k|. (13)
In this case, we have
σc;abshift ∼
e3
~2
1
ω
( v
ω
)d−3
,
σc;abinj ∼
e3
~2
τ
( v
ω
)d−3
(14)
through a dimensional analysis. This divergence is expected
to occur in the absence of a symmetry cancellation. However,
Eq. (12) has too many symmetries, so we need to break them
in general. A Dirac point has inversion symmetry (by def-
inition it is nonchiral), so the second-order optical response
is forbidden. Also, as noted in Ref. [11, 20, 23], a Weyl
point described by Eq. (12) does not show a second-order
optical response by linearly polarized light. It is because
Eq. (12) has SO(d) rotational symmetry in d spatial dimen-
sions. In 3D, the absence of mirror symmetry (chirality) in
Weyl semimetals allows one unique nonvanishing indepen-
dent component σ3;12inj,C under circularly polarized light. Be-
cause a Weyl point in 3D has time-reversal symmetry around
the gap-closing point, the circular shift current is also forbid-
den, and the generated DC current is the circular injection cur-
rent. Even for a more general linear dispersion described by
H =
∑d
a,i=1 ~vaikaΓi, which has apparently less symmetry,
only circular injection currents for a Weyl point can be nonva-
nishing. It is because the conductivity for this Hamiltonian is
given by σc;abDC = v
−3vaivbjvck det(vai/v)σ
k;ij
DC,0 [11], where
σk;ijDC,0 is the conductivity for vai = vδai, which is the case for
Eq. (12) (See Appendix G for a derivation).
The only way to generate the leading divergence for shift
currents and linear injection currents is to tilt the Dirac or
Weyl cone, as shown in Fig. 1. Since it allows anisotropic op-
tical excitations around the gap-closing point, photocurrents
can flow whose direction depends on the direction of the tilt-
ing. To see that other symmetry breaking gives subleading
power in ω−1, let us add symmetry-breaking perturbations to
the Dirac Hamiltonian.
H(k) = H0(k) + ~
∑
a
∞∑
p=0
λp,ak
pΓa. (15)
5hω
EF
E
kx
(a) (c)(b)
kx
ky,z
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FIG. 1. Optical excitation near a tilted Dirac or Weyl cone. (a) Ex-
citation of electrons by the absortion of a photon with requency ω.
(b) Type-I spectrum. |v′/v| < 1. (c) Type-II spectrum. |v′/v| > 1.
The gray planes in (b,c) show the Fermi level. (d,e) Optically ac-
tive region in momentum space for (d) type-I and (e) type-II cases.
Small black dots at the center indicates the location of the gap-
closing point. Red circles around the point shows the surface sat-
isfying ~ω = ~ωc − ~ωv = 2~vk, where k = 0 at the gap closing.
Both conduction and valence bands are unoccupied in the white re-
gion, only the valence band is occupied in the light gray region, and
both bands are occupied in the gray region. Electrons can be opti-
cally excited only on the solid red arcs (i.e., θ− < θ < θ+, where θ
is the absolute value of the polar angle in either 2D or 3D), which is
in the light gray region.
Here, λp,a is a constant parameter, Γa 6=0 are mutually anti-
commuting matrices, and we also include Γ0 as the identity
matrix. Since the dimensionless parameter is λp,akpω−1 ∼
λp,aω
p−1, responses due to perturbations in λp,a have weaker
the low-frequency divergence for p > 1. At the p = 0 order,
λ0,a comes as either the chemical potential, the shift of the lo-
cation of the gap-closing point, or a mass term 2, i.e., we can
write the Hamiltonian as H(k) = −µ+∑da=1(k−k0)aΓa +
M
∑
Γa>d. None of them generate nonvanishing shift and
linear injection currents. µ breaks no symmetry, k − k0 can
be redefined as k such that gap closes at k = 0, and the mass
term can serve as an inversion symmetry operator so that it
forbids second-order optical responses. Let us now consider
p = 1. As we show above, the linear spectrum without tilting
has zero shift and linear injection current responses. Thus, the
remaining possibility is tilting the cone by adding λ1,0 = −v′.
Our analysis shows that the shift and injection conductivity
2 If we allow transforming a 4 × 4 Dirac point to different kinds of nodes,
other possibilities exist, which includes the splitting of a Dirac point into
two Weyl points or the inflating of a Dirac point to a nodal line. These
reqruie mabΓaΓb terms. In the former case each of the Weyl points can
be understood in our framework. Understanding the second-order response
of nodal lines appearing in the latter case is an interesting topic, but it is
out of the scope of this work.
tensors of tilted massless Dirac and Weyl points have the form
σc;abshift =
e3
~2
1
ω
( v
ω
)d−3
Fc;abshift
(
2µ
~ω
,
v′
v
)
,
σc;abinj =
e3
~2
τ
( v
ω
)d−3
Fc;abinj
(
2µ
~ω
,
v′
v
)
, (16)
Let us explain how Fs depend on v′/v and 2µ/~ω in general.
When µ 6= 0, i.e., when the Fermi level is away from the gap-
closing point, the chemical potential sets the lowerbound for
frequency, so Fs do not diverge as ω → 0.
When the Fermi level is exactly at the gap-closing point,
i.e., µ = 0, Fs show significantly different behavior for
|v′/v| < 1 and |v′/v| > 1, which are called type-I and type-
II [48], respectively [See Fig. 1(b,c)]. In the type-I case, tilt-
ing cannot generate shift and injection currents when µ = 0.
It is because, in this case, the Fermi surface is a point, so
anisotropic excitation cannot occur. Thus, only circular in-
jection currents can be generated, which do not need tilting
for its generation.
In contrast, in the type-II case, the Fermi surface has a finite
size at µ = 0, so anisotropic excitation can occur in principle.
However, it depends on whether the response is T -symmetric
or PT -symmetric. While the T -symmetric responses (lin-
ear shift and circular injection) has a nontrivial response at
µ = 0 [11], the PT -symmetric responses (linear injection
and circular shift) has a vanishing response at µ = 0. This is
related to the fact that a Hamiltonian with only k-linear terms
has an emergent CPT symmetry, where C is the particle-hole
operator, and CPT = 1: (CPT )H(k)(CPT )−1 = −H(k).
At µ = 0, PT -symmetric responses should be zero since they
respect C symmetry also — which reverses the direction of
the current, while T -symmetric responses lack C symmetry
such that they can be nontrivial.
This shows that magnetic and nonmagnetic systems have
the same low-frequency divergent behavior when µ = 0
exactly. Nevertheless, as far as µ is small but not exactly
zero, we can still expect enhanced PT -symmetric responses
at small frequency ω ∼ 2µ/~ by a factor in front of Fs in
Eq. (16). Therefore, PT -symmetric responses in magnetic
systems also can show a divergent behavior associated with
the ω → 0 limit with a fixed ratio of 2µ/~ω.
We investigate the symmetry properties of the tilted Dirac
and Weyl points more closely in Sec. V by explicitly calcu-
lating the conductivity tensors. Before that, we derive the
general formula for the shift and injection conductivities for
arbitrary Dirac Hamiltonians and provide their geometric as-
pects in the following sections. It adds more perspective on
the transformation rule Eqs. (9) and (10) and the divergent be-
havior near the gap-closing point.
IV. QUANTUM GEOMETRIC ASPECTS
In the previous section, we analyze the overall trend of shift
and injection currents using symmetry and power-counting
analysis. Here we show that every detail of the conductiv-
ity profile for the shift and injection currents is determined by
6quantum geometric quantities in the low-frequency regime. It
was pointed out in Refs. [2, 4] that the shift current is related
to quantum geometry because the shift vector includes the
Berry connection — a geometric quantity. Following these
works, the geometric nature of the shift and injection currents
was previously discussed in several works [3, 20]. However,
no simple quantitative relationship between the response and
the geometric quantities has been found except for the circu-
lar injection conductivity [3]. In this section, we show that
the shift and injection conductivities are proportional to geo-
metric quantities that have natural geometric meaning on the
Bloch sphere. These relationships are not limited to massless
Dirac and Weyl points and are exact for any two-band system
or PT -symmetric four-band system. It implies that interband-
transitive photovoltaic responses at the low-frequency regime
probe the quantum geometry of materials. In this perspec-
tive, the low-frequency divergence of the shift and injection
current responses of gap-closing points can be attributed to
their geometrically singular nature. Also, time reversal sym-
metry transformation of the conductivity tensors, which are
quite confusing, can be simply understood from the transfor-
mation properties of the geometric quantities. In the follow-
ing, we first derive the formula that relates injection and shift
currents with the Bloch vector of general Dirac Hamiltonians
with arbitrary matrix size in any spatial dimensions. Then, we
provide a quantum geometric interpretation of our formula.
A. Shift and injection conductivity for Dirac Hamiltonians
We consider the low-energy effective model systems de-
scribed by the following dM × dM Dirac Hamiltonian
H(k) = −µ(k) +
∑
i
fi(k)Γi, (17)
where Γi are mutually anticommuting matrices. This Hamil-
tonian described a single Dirac or Weyl point when fi(k) =
ki, but here we do not need to assume linear dispersion and
consider general form of fi(k)s. In particular, the above
Hamiltonian describes general two-band Hamiltonians when
dM = 2, where Γi=1,2,3 are three Pauli matrices, and it de-
scribes general four-band PT -symmetric Hamiltonians (with
(PT )2 = −1) when dM = 4, where Γi=1,...,5 are five Gamma
matrices.
Let us express the injection and shift conductivities in terms
of fis. This makes theoretical analysis and numerical calcu-
lations convenient. As for the injection current, one can inte-
grate the delta function easily by using ∆cmn = ∂cωmn such
that ∆cmnδ(ωmn−ω) = ∂cΘ(ωmn−ω). After that, we obtain
σc;abinj = τ
2pie3
~2
∫
ωcv=ω
dd−1k
(2pi)d
(nˆ · cˆ)Qba (18)
for ω > 0, where ~ωcv is the energy gap between the conduc-
tion and valence bands, nˆ is the surface normal vector, and
Qba =
∑
n∈occ
∑
m∈unocc
rbnmr
a
mn
=
∑
i,j
∂bfi∂afj
dM (δij − fˆifˆj + iJij)
8f2
(19)
is the so-called quantum geometric tensor [49] (See Ap-
pendix H for a derivation of the second equality). Here,
f =
√∑
i=1 f
2
i , and Jij = −i
∑
k ijkfˆk for dM = 2 and
Jij = 0 for dM = 4. The vanishing of Jij for dM = 4 is due
to the presence of PT symmetry. Qba is called the quantum
geometric tensor because its real and imaginary parts are re-
lated to the quantum metric gba and the Berry curvature Fba
by
Qba = gba − i
2
Fba. (20)
The relationship between the circular injection current and the
Berry curvature was found in Ref. [3]. On the other hand, the
role of the quantum metric in determining the linear injection
current was not discussed in the literature. We explain more
on the geometric meaning of the quantum geometric tensor in
Sec. IV B.
The shift current has more complicated form, and it can be
related to the matrix elements of the derivatives of the Hamil-
tonian as [50]
Rc,amnr
b
nmr
a
mn = i
vbnm
ω2mn
[
wacmn −
vcmn∆
a
mn + v
a
mn∆
c
mn
ωmn
]
+
vbnm
ω2mn
∑
ωp 6=ωm,ωn
(
vcmpv
a
pn
ωmp
− v
a
mpv
c
pn
ωpn
)
, (21)
where wacmn = ~−1 〈m|∂a∂cH|n〉 is the diamagnetic term.
The second line involves virtual transitions among three dif-
ferent bands, so it vanishes in our Dirac system that has only
two energy levels with energy ~ωc = f0+f and ~ωv = f0−f ,
where f =
√∑
i=1 f
2
i . It then follows that
3
σc;abshift(ω) = −i
2pie3
~2
∫
k
fFDvc Cbcaδ(ωcv − ω) (22)
3 In fact, the integrand should be (Cbca − C∗acb)/2 since the integrand has
the form (Rc,amn − Rc,bnm)rbnmramn, but Cbca gives the same value of the
real part of the current. For linearly polarized light, the conductivity is
symmetric under a ↔ b. In this case, Cbca + C∗acb + a ↔ b is real,
such that it contributes to the imaginary part of the conductivity, and thus
to the imaginary part of the current. For circularly polarized light, since
Cbca + C
∗
acb − a ↔ b is imaginary, the conductivity takes a real value,
so it contributes to the imaginary part of the current for circularly polarized
light.
7for ω > 0, where
Cbca ≡ −i
∑
n∈occ
∑
m∈unocc
Rc,amnr
b
nmr
a
mn
=
dM
8f2
∑
i,j
(δij − fˆifˆj + iJij)×[
∂bf
i∂a∂cf
j − 1
f
(
∂bf
i∂cf
j∂af + ∂bf
i∂af
j∂cf
) ]
. (23)
A special case of this formula was derived in Ref. [50] for
two-band models with time-reversal symmetry. Our formula
in Eq. (23) extends the existing formula to describe arbitrary
systems described by the Dirac Hamiltonian in Eq. (17). We
show below that Cbca has geometric meaning as a connection.
B. Geometry on the generalized Bloch sphere
Let us explain the geometric meaning of the quantum geo-
metric tensor Qba as geometric quantities defined on the gen-
eralized Bloch sphere. This point of view is helpful for un-
derstanding the geometric meaning of Cbca as well as that of
Qba.
We consider the following general Dirac Hamiltonian in
Eq. (17). Then, the generalized Bloch vector f(k) is a map
f : BZ→ RdΓ , (24)
where dΓ is the number of Gamma matrices. This map defines
a pull-back of the quantum geometric tensor from the f -space
to the Brillouin zone.
Let us recall that the quantum geometric tensor has the fol-
lowing form
Qab =
∑
i,j
∂afi∂bfjqij , (25)
where
qij =
dM (δij − fˆifˆj + iJij)
8f2
, (26)
and f = |f |. This is a pull-back of the quantum geometric
tensor qij defined in the f -space to the momentum space by a
transformation ∂afi of tangent vectors
∂a = (∂afi)∂i, (27)
where ∂i = ∂/∂fi. The quantum metric and the Berry curva-
ture are given by
gab =
∑
i,j
∂afi∂bfjηij ,
1
2
Fab =
∑
i,j
∂afi∂bfjij , (28)
where ηij and ij are the real and imaginary parts of qij , i.e.,
qij = ηij − iij . In this viewpoint, the quantum metric and
the Berry curvature are pull-backs of the metric ηij and the
symplectic form ij defined on the Bloch sphere. The met-
ric ηij measures length ds through ds2 = ηijdf idf j , and the
symplectic form ij measures the oriented area dA through
dA = ijdx
idxj in the f -space.
While the geometric quantity ηij is defined on the whole
f space, it can be regarded to measure the length on the unit
sphere with f = 1, and it is irrelevant for the radial direction
f = |f | 4. In other words, ds2 = (dM/8)(dθ2 + sin2 θdφ2) in
polar coordinates. To see this without a coordinate transfor-
mation, first note that Pij = δij − fˆifˆj is the projection to the
plane perpendicular to fˆ . The metric measures the length only
along the angular directions on a sphere with a fixed f . Also,
the f−2 factor normalizes the length such that only the angle
between two points on a sphere is measured. Similarly, the
symplectic form also measures the area on the unit sphere. In
this sense, the quantum geometric tensor is a geometric quan-
tity defined on the generalized Bloch sphere (f = 1).
Another geometric quantity called the Levi-Civita connec-
tion also can be constructed on the generalized Bloch sphere.
Its components are called the Christoffel symbols, and they
can be written in two ways — the first and the second kind.
The Christoffel symbols of the second kind γkij are defined by
∂iej =
∑
k
γkijek, (29)
where ei is the projection of the unit vector along the fi direc-
tion to the tangent space by Pij = δij− fˆifˆj . It measures how
vectors and tensors are changed as we move them parallel to
the direction of the curved surface (which is the generalized
Bloch sphere in our case) 5. We have
γkij = −
fi
f2
(δjk − fˆj fˆk)− fj
f2
(δik − fˆifˆk). (30)
It is related to the metric tensor ηij by
γkij ≡
∑
l
(η−1)kl
1
2
(∂iηjl + ∂jηil − ∂lηij) , (31)
where (η−1η)ij = δij − fˆifˆj . Using the Christoffel symbols
of the second kind and the quantum geometric tensor, we de-
fine the Christoffel symbols of the first kind as
γkij ≡
∑
l
ηklγ
l
ij
= − fi
f2
ηkj − fj
f2
ηki. (32)
4 A metric having this property is called the Fubini-Study metric, so the
quantum metric is often called as the Fubini-Study metric [51].
5 This property is shared by another connection, the nonabelian Berry con-
nectionAamn = 〈m|i∂a|n〉, but the difference is that γkij is the connection
for the Bloch vector f while Aamn is the connection for the quantum state
|n〉.
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by the uppercase and lowercase letters for the first component,
while we do not distinguish the uppercase and lowercase for
other quantities. We can also define a similar quantity using
the symplectic form rather than the metric tensor by [52]
γ˜kij ≡
∑
l
klγ
l
ij
= − fi
f2
kj − fj
f2
ki. (33)
To write γkij and γ˜kij in a unified way, we introduce
ckij = γkij − iγ˜kij . (34)
We call ckij as the quantum geometric connection in analogy
with the quantum metric tensor.
The Levi-Civita connection does not transform like a
tensor under coordinate transformations [53], which is
due to the derivative acting on tensorial quantities in
the definition of the Christoffel symbols of the second
kind [See Eq. (29)]. The Christoffel symbols of the
second kind defined on the generalized Bloch sphere
γkij are related to those defined in the Brillouin zone
Γcab by Γ
c
ab =
∑
d(g
−1)cd 12 (∂bgda + ∂agdb − ∂dgab) =∑
i,j,l ∂lk
c∂afi∂bfjγ
l
ij +
∑
i,j ∂ik
c∂a∂bfjδij , where the sec-
ond term shows the non-tensorial transformation property. It
follows that the quantum geometric connection in the Bril-
louin zone has the form
Ccab =
∑
i,j,k
∂cfk∂afi∂bfjckij +
∑
ij
∂cfi∂a∂bfjqij , (35)
whereCcab = QcdΓdab. It is identical to the quantity defined in
Eq. (23), as one can see by using ∂af =
∑
k f
−1fk∂afk. This
quantity, the quantum geometric connection, reveals the geo-
metric nature of the low-frequency shift current in the most
transparent way. Let us note that, in general relativity, the
equivalence principle requires that the Levi-Civita connection
does not appear directly as an observable quantity, because
it is not invariant under a coordinate transformation. How-
ever, here we do not have such an equivalence principle for
the Bloch vector f , so it is allowed to observe the Levi-Civita
connection (or quantum geometric connection).
C. More on the geometric aspect of the shift current
Equation (22) shows that the linear (circular) shift cur-
rent corresponds to the imaginary (real) part of the quan-
tum geometric connection. Thus, the circular shift cur-
rent reveals the Christoffel symbol of the first kind Γcab =
1
2 (∂bgca + ∂agcb − ∂cgab). On the other hand, the linear shift
current is related with the Berry curvature as well as the quan-
tum metric (through the Christoffel symbols of the second
kind). Combined with the geometric property of the injection
current in Eq. (18), it shows that PT -symmetric responses
originate from the quantum metric only and T -symmetric re-
sponses are controlled by both the Berry curvature and the
quantum metric. When the diamagnetic term wacmn in Eq. (F7)
vanishes, the relation between the shift conductivity and the
quantum metric and Berry curvature can be made more direct
from
σc;abshift = −
i
ω
2pie3
~2
∫
ωcv=ω
dd−1k
(2pi)d
[
(nˆ · aˆ)Qbc − (nˆ · bˆ)Q∗ac
]
(36)
for ω > 0 when the diamagnetic term vanishes. This formula
can be applied, e.g., to Dirac and Weyl Hamiltonians that are
at most linear in momentum. Note that the real and imaginary
part of the conductivity in Eq. (36) has the form of the Berry
curvature dipole [54] and the quantum metric dipole [55], re-
spectively.
V. MODEL CALCULATIONS
Our theoretical analysis reveals the circular shift current as
an interesting new component of the interband bulk photo-
voltaic response in magnetic systems. Also, the full general-
ity of our theory allows us to understand the shift and injection
currents in Dirac and Weyl semimetals in arbitrary spatial di-
mensions in a unified way. In this section, we investigate the
shift and injection current responses of tilted Dirac and Weyl
points more closely with explicit calculations of the conduc-
tivity tensors. We first deal with massless Dirac and Weyl
Hamiltonians up to linear order in momentum, which cover
both type-I and type-II spectra in arbitrary spatial dimensions.
In addition to the symmetry and divergence properties inves-
tigated above, we show the phenomenon of separation of re-
sponses, meaning that nonvanishing PT -symmetric responses
and the T -symmetric responses do not coexist in the same
component. It can occur generically in tilted Dirac and Weyl
systems having C2x or MxT symmetry, where x is the direc-
tion of tilting. Next, we study a model of Dirac surface states
of magnetic topological insulators, which includes k2 and k3
terms in the Hamiltonian.
A. Tilted Weyl and Dirac semimetals: k-linear order
Let us first revisit the model of a tilted Weyl point [11, 23] to
understand its general second-optical response in more detail.
The Hamiltonian has the form
HWeyl = −µ− ~v′kx + ~v(kxσx + kyσy + kzσz). (37)
The Weyl point described by this Hamiltonian is called type-I
when |v′/v| < 1 and type-II when |v′/v| > 1 [48]. The spec-
trum for the two cases are shown in Fig. 1(b,c). When light
with frequency ω > 0 is illuminated, optical excitation occur
when two bands have energy difference ~ωcv = 2~vk = ~ω
due to the energy conservation and only the lower band bands
is occupied, i.e., ~ωv = −µ + v′k cos θ − vk < 0 and
~ωc = −µ + v′k cos θ + vk > 0 (Fig. 1), where k = |k|
and kx = k cos θ. When v′ 6= 0, the range of θ does not cover
the whole sphere and is confined to a subspace θ− < θ < θ+
9System Fx;xxinj,L Fx;yyinj,L Fy;xyinj,L Fy;xyshift,C Fy;zxshift,L Fx;yzinj,C Fy;zxinj,C
3D Weyl − 1
8
cos2 θ + 1
16
cos4 θ − 1
16
cos2 θ − 1
32
cos4 θ − 1
32
sin4 θ − 1
4
sin θ − 1
8
cos θ + 1
8
cos3 θ − 1
12
cos3 θ − 1
8
cos θ + 1
24
cos3 θ
3D Dirac − 1
4
cos2 θ + 1
8
cos4 θ − 1
8
cos2 θ − 1
16
cos4 θ − 1
16
sin4 θ − 1
2
sin θ 0 0 0
2D Dirac 1
3
sin3 θ sin θ − 1
3
sin3 θ − 1
3
sin3 θ − sin θ 0 0 0
TABLE II. Fc;ab(θ) of a single Weyl or Dirac point in two and three dimensions. Here, 0 ≤ θ ≤ pi is the absolute value of the polar angle
from the x-axis. Linear shift and circular injection parts vanishes for a Dirac point due to PT symmetry.
in general [Fig. 1], where θ± are functions of dimensionless
parameters 2µ/~ω and v′/v. The minimal angle θ− is always
zero for a type-I Weyl point, but it is typically nonzero for a
type-II Weyl point [Fig. 1(d,e)]. This asymmetric excitation
leads to a nonzero optical conductivity given by
σc;abshift =
e2
2pi~2
1
ω
( v
ω
)3−d [
Fc;abshift(θ+)−Fc;abshift(θ−)
]
σc;abinj =
e3
2pi~2
τ
( v
ω
)3−d [
Fc;abinj (θ+)−Fc;abinj (θ−)
]
. (38)
The form of Fc;ab(θ) for nonvanishing components are sum-
marized in Table. II. Because of the SO(2) rotational symme-
try around the x axis, there are four independent components
σx;xxL , σ
x;yy
L = σ
x;zz
L , σ
y;xy
L = σ
z;xz
L , σ
y;zx
L = −σz;yxL (39)
for the real component, and three independent components
σx;yzC , σ
y;xy
C = σ
z;xz
C , σ
y;zx
L = −σz;yzC (40)
for the imaginary component of the conductivity. Fc;ab(θ)
follows the same symmetry. Remarkably, PT -symmetric re-
sponses (linear injection and circular shift) and T -symmetric
responses (linear shift and circular injection) do not coexist
in the same component. To understand this, let us note that
PT = C2xMxT . Since C2x is a symmetry operator, we find
that PT -symmetric responses appear in the components that
are even under MxT , and T -symmetric responses appear in
the components that are odd under MxT .
Figure 2 shows some representative components calcu-
lated from quantum geometric quantities by Eqs. (18), (19),
and (36). There are some features that need to be discussed.
First, as we explain in Sec. III only the circular injection cur-
rent is nonvanishing at the neutral filling µ = 0 in the type-I
case where |v′/v| < 1. It is because, in this case, the Fermi
surface is a point, so anisotropic excitation cannot occur. The
circular injection response is quantized because of the quan-
tized Berry curavature from a Weyl point, as found in Ref. [3]
[See our equation (18)]. Other responses are significant near
~ω = 2µ, where the anisotropic excitation occurs.
However, there are significant differences between the PT -
symmetric responses and the linear shift response. PT -
symmetric responses have peaks at ~ω = |2µ|, i.e., when the
excitation occurs on a full hemisphere, while T -symmetric re-
sponses vanish at ~ω = |2µ| and changes sign there [11]. For
the linear injection current, the peak at ~ω = |2µ| is natu-
ral because the transition of the electron velocity during the
excitation from the valence band v to the conduction band c,
∆xcv = v
x
c − vxv , is all positive or all negative on the hemi-
sphere. There is no simple analogous way to understand the
trend of shift current response based on the shift vector, but
the vanishing of the linear shift current response at ~ω = |2µ|
can be attributed to the T -symmetric nature. Since T symme-
try requires that the current generated from one hemisphere
equal to the current generated from the other hemisphere,
both hemisphere should generate zero currents because lin-
ear shift currents are not generated when excitations occur on
the full sphere. There are also interesting differences between
the PT -symmetric responses and T -symmetric responses at
µ = 0 in the type-II case where |v′/v| > 1. As explained in
Sec. III, emergent CPT symmetry at µ = 0 requires that the
former has a vanishing response while the latter can have a
nontrivial response. In other words, PT -symmetric responses
do not distinguish type-I and type-II cones at µ = 0 whereas
T -symmetric responses distinguish them.
As we understand a single Weyl point, it is straightfor-
ward to extend our knowledge to Dirac points in two and
three dimensions. In both 2D and 3D, the protection of a
Dirac point requires PT symmetry. In 2D, the Dirac Hamil-
tonian has the form H2D = −µ− ~v′kx + ~v(kxτx + kyτy),
where τi=x,y,z are Pauli matrices for the orbital degrees of
freedom, and spinless PT = σzK symmetry forbids the
mass term mσz . In 3D, the Dirac Hamiltonian has the form
H3D = −µ − ~v′kx + ~v(kxτx + kyτyσx + kzτz), and the
twofold degeneracy (Kramers degeneracy) of bands at every
momentum require PT = iσyK symmetry. Here, τi=x,y,z
and σi=x,y,z are Pauli matrices for the orbital and spin degrees
of freedom, respectively. In 3D, even in the presence of PT
symmetry, two mass terms are allowed, which are m1τyσy
and m2τyσz . We need threefold or fourfold rotational sym-
metry to protect the Dirac point in 3D by disallowing mass
terms. Our massless Dirac model have continuous θ rotational
symmetry around the x axis under Cθ = eiθ(σx+τxσx/2), sat-
isfying CθH(k)C−1θ = H(Cθk). Keeping either threefold
C3x or fourfold C4x rotational symmetry in crystals preserves
the gap closing [45, 56, 57], which we assume here. Because
gapless Dirac points have PT symmetry, they can only have
linear injection or circular shift current responses. These re-
sponses have the same pattern shown for a Weyl point.
Here we emphasize again that while multiple responses co-
exist in magnetic Weyl and Dirac semimetals, each response
occurs through different components of the conductivity. This
helps measure each response separately. In particular, it facili-
tates the measurement of the circular shift current in magnetic
Dirac and Weyl semimetals. Table. II and Eq. (7) shows that
the current generated along the y direction under the illumina-
tion of circularly polarized light propagating in the z direction
is only the circular shift currents. The photocurrent along the
y direction should thus be identified with the circular shift cur-
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FIG. 2. Fc;ab of a tilted Weyl point in three dimensions. (a,e) x;xx component of the linear injection. (b,f) y;xy component of the circular
shift. (c,g) y; zx component of the linear shift. (d,h) x; yz component of the circular injection. Since we take ω > 0, the sign of 2µ/~ω here
should be understood as the sign of the chemical potential µ.
rent.
B. Dirac surface state
As an application to a more realistic model with k-
nonlinear terms, we study the single Dirac surface state of
magnetic topological insulators. Let us begin with the fol-
lowing effective Hamiltonian studied in Refs. [21, 22].
H = −µ+ ~
2k2
2m
+ ~v (kxσy − kyσx) + ∆σy. (41)
Here, ∆ 6= 0 is due to spin ordering along the y direc-
tion, and it breaks Mx = iσx, rotation C2z = −iσz , and
time reversal T = iσyK symmetries. Since this in-plane or-
dering preserves C2zT symmetry, it does not open the gap,
and it just shifts the location of Dirac points by −∆/~v
from the time-reversal-invariant momentum. The shifting tilts
the Dirac one because of the quadratic term: if we write
(kx, ky) = (−∆/~v + qx, qy), the Hamiltonian has the form
H = −µ−(~∆/mv)qx+~v (qxσy − qyσx) up to linear order
in q, which is studied above. Assuming C3z symmetry of the
nonmagnetic state, we add a hexagonal warping term in order
to account for the crystalline symmetry of the real system.
hwarp = λ(k
3
x − 3kxk2y)σz. (42)
This term breaks My = iσy symmetry and C2zT symmetry
that are preserved by the spin ordering, so it opens small band
gap (about 0.8 meV for parameters given below). Since T
and C2zT symmetries are both broken, all four types of shift
and injection currents can be generated in this system. How-
ever, the residual MxT symmetry imposes that the separation
of responses remains exact: nonvanishing components of the
conductivity are σy;xxshift,L, σ
y;yy
shift,L, σ
x;xy
shift,L for linear shift cur-
rent, σx;xxinj,L, σ
x;yy
inj,L, σ
y;xy
inj,L for linear injection current, σ
y;xy
shift,C
for circular shift current, and σx;xyinj,C for circular injection cur-
rent.
For a numerical calculation, we take µ = 50 meV, m =
0.13me whereme is the free electron mass, ~v = 2.5 eVA˚−1,
λ = 250 eVA˚−3, and ~τ−1 = 1 meV and use Eqs. (18)
and (22). Figure 3 show the calculated photoresponsivity
κc;ab = 2σc;ab/0c, which has the dimension of the pho-
tocurrent density per unit intensity of light [50]. The peak
value (occurring at ~ω ∼ 2µ = 100 meV) of the linear in-
jection part is the strongest, and the others are smaller by two
orders of magnitude. However, since the circular shift cur-
rent grows as ω−2 while the linear injection current grows as
ω−1, the circular shift current can be comparable to or larger
than the linear injection current when the peak is located be-
low 10 meV. On the other hand, the small-frequency diver-
gence of the linear shift current is weaker because it is due
to λ 6= 0 [8] and is not from the tilting, and thus the peak
value scales like O(ω0) as µ is lowered. Therefore, the y
component photocurrent generated by a circularly polarized
light, jy = (κyxxshift,L + κ
yyy
shift,L − 2κy;xyshift,C)I , is dominated
by the circular shift (κy;xyshift,C) current when ~ω ∼ 2µ < 100
meV. The magnitude of the linear shift current and the circular
shift current can be compared in experiments since the circu-
lar parts can be measured from the current difference between
the left-circularly polarized light and the right-circularly po-
larized light.
In experiments, the value of the observed photocurrents can
be smaller than the value predicted here. For example, the
photocurrents observed in Ref. [22] shows photoresponsivity
of about 5 nAcm−1W−1 at ω ∼ 250 meV, which is two
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FIG. 3. Photoresponsivity of the magnetic Dirac surface state. µ =
50 meV, m = 0.13me, ~v = 2.5 eVA˚−1, λ = 250 eVA˚−3, and
~τ−1 = 1 meV. Blue, green, and red curves correspond to ∆ = 30
meV, 0 meV, and −30 meV, respectively. κc;ab = 1 nAcmW−1 is
equivalent to σc;ab = 1.33 pAcm−1V−2.
orders of magnitude smaller than the calculated value here.
While several factors can contribute to this reduction, one is
from the cancellation between the top and bottom surfaces.
This cancellation can be reduced by increasing the thickness
of the sample because light attenuates more while propagating
within the bulk such that the photocurrent is generated signif-
icantly on only one surface that is directly illuminated.
VI. DISCUSSION
Let us discuss some issues related to the smallness of the
frequency. We note that our theory is reliable for the photon
frequency above 1 THz because we assume the clean limit
where ω  Γ. Since the typical relaxation time in semimetals
is one picosecond, ω > 1 THz should be taken for our theory
to apply. Thus, the divergence of the responses in our model
should not be interpreted as a physical divergence, and it is
cut off at ω ∼ Γ. Moreover, intraband (i.e., non-transitive)
second-order optical responses exist in magnetic systems, and
they become comparable to the interband responses when
ω <∼ Γ. To estimate the magnitude of the intraband responses,
let us consider the semiclassical second-order optical response
σc;abSC (ω) = −(e3/~2)(ω2 + Γ2)−1
∑
n
∫
k
fFDn ∂a∂bv
c
n. It has
the same symmetry property as the linear injection current (so
it appears in magnetic systems where time-reversal symmetry
is broken) and scales as ω−2µ2−d near tilted Dirac or Weyl
points. Since the ω−2 factor enhances the semiclassical re-
sponse at low-frequences, it becomes comparable to the peak
value of the linear injection response at ω <∼ τ−1 = Γ if we
take µ ∼ ω.
Another thing to care about at low frequencies is the va-
lidity of the perturbation theory. We suppose that the pho-
tovoltaic responses are dominated by the second-order re-
sponses since the electric field is generally weak enough.
However, at small frequencies, A = E/ω becomes large, so
higher-order responses can become significant. According to
the Floquet theory analysis in Ref. [2], perturbation theory
works well for
∣∣ω−1eEv∣∣  ~Γ, where we assume that the
interband velocity matrix element has the same order of mag-
nitude as the intraband velocity. It sets the lower bound for
ω. For ~v ∼ 1 eVA˚−1 and Γ ∼ 1 THz, the lower bound is
ωmin ≈
√
I/(W/cm2) THz. While this bound is very small
for typical lasers with intensity I < 1 W/cm2, it should be
taken into account for an analysis of the experimental results
obtained by using high-intensity pulse lasers.
At finite temperature, thermal fluctuation can significantly
reduce low-frequency photovoltaic response in tilted-Dirac or
Weyl semimetals [11]. When the peak value is considered,
the relevant frequency scale where the peak value is reduced
to half is 2|v/v′|kBT/~ for type I and 2kBT/~ for type II.
It sets a quite high lower-bound, since 2kBT/~ =12 THz at
room temperature (cf. 0.17 THz at 4.2K and 3.2 THz at 77
K). When the tilting is small such that |v′/v| < 0.4, the cut-
off scale is larger than 30 THz at room temperature, which is
the highest edge of the terahertz radiation. Therefore, cooling
will be needed in order for tilted-Dirac or Weyl semimetals to
work as an efficient terahertz photodetector.
Next, let us discuss generalizing our geometric interpreta-
tion to include three or more bands. The shift and injection
conductivity takes the form
∑
n∈occ
∑
m∈unocc
∫
k
Ic;abnm δ(ω−
ωmn) for ω > 0. Because the energy conservation imposed
by the delta function chooses a particular set of an unoccu-
pied band m for an occupied band n, the interband-transitive
optical response is, in general, not associated with a prop-
erty of the occupied band alone. For example, the quan-
tum geometric tensor Qba is defined by suming over all oc-
cupied n and unoccupied m indices of the matrix elements∑
n∈occ
∑
m∈unocc r
b
nmr
a
mn, and it is a property of the ground
state. In our analysis, though, we focus on Dirac and Weyl
points where the quantum geometric tensor diverges at the
gap-closing points. Thus, the geometric quantities of the oc-
cupied bands are dominated by the property of the two cross-
ing bands n = 1 and m = 2, through a large value of rb12r
a
21
and their derivatives, and they manifest through the shift and
injection currents for small ω. On the other hand, insulators or
ordinary metals do not have this property, and our geometric
interpretation of the shift and injection currents does not apply
to them.
Nevertheless, recalling that the Berry curvature of each
band (rather than that of the whole occupied bands) is
well-defined, we can hope for a possibility of defining a
well-defined geometric quantity associated with a pair of
bands also. Let us see whether it makes sense to give
a geometric meaning to the matrix element ranmr
b
mn ≡
gab;nm − iFab;nm/2 by focusing on the real part gab;nm
(we note that it is different from the nonabelian quan-
tum metric [58, 59] of the occupied bands, defined by
(gab)n1n2 =
∑
m∈unocc r
a
n1mr
b
mn2 ). Since gab;nm is a
positive-semidefinite symmetric rank-2 tensor. i.e., gaa;nm ≥
0 for all a for given n and m, this quantity is meaningful
as a metric tensor althought its interpretation is not clear.
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This point of view can help understand the structure of the
circular shift current. One can see that the matrix element
of the circular shift current Rc,anmr
b
nmr
a
mn can be written as
Γbca;nm + 3-band process, where Γbca;nm is the Christoffel
symbol of the first kind defined from the metric gba;nm (See
Appendix J for a derivation). Therefore, one may still regard
the shift current as originating from a Christoffel-symbol-like
quantity, when the 3-band process, terms involving virtual
transitions, is negligible.
Throughout this work, we focus on the DC generation.
However, let us note that our results can also be applied to
the second-harmonic generation (SHG), where an alternating
current of frequency 2ω is generated by a uniform illumina-
tion of light with frequency ω. Since the SHG is associated
with the shift vector [2, 11], its low-energy divergence has the
same form as that for the shift current [11], and thus it can be
related to the quantum geometric connection. We believe that
similar geometric interpretations of other quantities are also
possible. It will be an interesting topic to explore quantum
geometric properties of the third-order optical conductivity.
Since they have four components, we expect the existence of
a third-order optical response controlled by the Riemann cur-
vature tensorRabcd = ∂cΓ
a
db−∂dΓacb+
∑
e(Γ
a
ceΓ
e
db−ΓadeΓecb).
Note added.— Recently, Hikaru Watanabe and Yoichi
Yanase studied the bulk photovoltaic responses in magnetic
systems independently of ours. They also figure out the circu-
lar shift current and discuss its enhancement near gap-closing
points. Our results are consistent with the results in their
preprint when there is an overlap.
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Appendix A: Conventions and Definitions
• We do not distinguish uppercase and lowercase indices
except for the Christoffel symbols.
• −e is the electron charge. e > 0.
• Geometric quantities on the Bloch sphere (indices i =
1, 2, 3 are for the (f1, f2, f3) basis):
ηij metric tensor
ij symplectic form
qij = ηij − iij quantum geometric tensor
γijk Christoffel symbol of the second kind
γijk Christoffel symbol of the first kind
γ˜ijk symplectic Christoffel symbol
cijk = γijk − iγ˜ijk quantum geometric connection
(A1)
• Geometric quantities in momentum space (indices a =
1, 2, 3 are for the (k1, k2, k3) basis)
gab metric tensor
Fab/2 symplectic form
Qab = gab − iFab/2 quantum geometric tensor
Γabc Christoffel symbol of the second kind
Γabc Christoffel symbol of the first kind
Γ˜abc symplectic Christoffel symbol
Cabc = Γabc − iΓ˜abc quantum geometric connection
(A2)
• Typical quantities in second-order optical conductivity.
∂a =
∂
∂ka
,∫
k
=
∫
d3k
(2pi)3
,
ωn = ~−1 〈n|H|n〉 ,
vamn = ~−1 〈m|∂aH|n〉 ,
wabmn = ~−1 〈m|∂a∂bH|n〉 ,
uabcmn = ~−1 〈m|∂a∂b∂cH|n〉 ,
fFDm = Fermi-Dirac distribution of the mth band,
ωmn = ωm − ωn,
fFDmn = f
FD
m − fFDn ,
∆amn = v
a
mm − vann,
Rc;amn = r
c
mm − rcnn + i∂c log ramn,
ramn = i 〈m|∂a|n〉 ,
ramn;c = ∂cr
a
mn − i(rcmm − rcnn)ramn. (A3)
Appendix B: Frequently used identities
In the appendix we use the following two identities.
〈m|∂aO|n〉 = ∂aOmn − i(rampOpn −Omprapn)
= ∂aOmn − i[ra, O]mn, (B1)
where we integrate by parts in the first line. The following is
a specific example of the above identity with O = H/~, and
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it is used very often in the following appendices.
vamm = ∂aωm
vamn = iωmnr
a
mn (m 6= n). (B2)
Appendix C: Shift and injection currents from the Fermi
Golden rule
Let us derive the expression of the shift and injection cur-
rents from the Fermi Golden rule. Here, we drop the light
polarization dependence of the shift vector. Since E(t) =
E(ω)e−iωt + E(−ω)eiωt, where E(−ω) = E(ω)∗, both ω
and −ω components contribute.
jcshift
=
∫
k
∑
n∈occ
m∈unocc
(−eRcmn)fFDnmMm←n
=
[ ∫
k
∑
n∈occ
m∈unocc
(−eRcmn)fFDnm
2pi
~
∣∣∣∣∣∑
a
〈m| ie
~ω
Ea(ω)∂aH|n〉
∣∣∣∣∣
2
× δ(~ωmn − ~ω)
]
+ (ω → −ω)
= −2pie
3
~
∫
k
∑
n,m,a,b
fFDnmR
c
mn
〈n|∂bH|m〉
~ωmn
〈m|∂aH|n〉
~ωmn
× Ea(ω)Eb(−ω)δ(~ωmn − ~ω)
= −2pie
3
~2
∫
k
∑
n,m,a,b
fFDnmR
c
mnr
b
nmr
a
mnδ(ωmn − ω)
× Ea(ω)Eb(−ω)
∂tj
c
inj
=
∫
k
∑
n,m,a,b
(−e∆cmn)fFDnmMm←n(ω)
= −2pie
3
~2
∫
k
∑
n,m
fFDnm∆
c
mnr
b
nmr
a
mnδ(ωmn − ω)
× Ea(ω)Eb(−ω), (C1)
whereMm←n is the probability of the transition from n tom.
We note that this Fermi Golden rule calculation gives an over-
all (−1) sign that is absent in the result of in [17, 20] while
they also take −e as the electron charge. Also, our expres-
sions differ from the result in [17, 20] by the sign of ω in the
electric fields.
Appendix D: Time reversal transformation of the second-order
optical conductivity
Let us consider the most general second-order optical con-
ductivity tensor defined by
jc(ω˜) = σc;ab(ω˜; ω˜1, ω˜2)Ea(ω˜1)Eb(ω˜2), (D1)
where ω˜ = ω˜1+ω˜2, and ω˜1,2 = ω1,2+iΓ. We can symmetrize
the conductivity without loss of generality such that
σc;ab(ω˜; ω˜1, ω˜2) = σ
c;ba(ω˜; ω˜2, ω˜1). (D2)
The current and the electric field transform as
jc(ω˜)→ j′c(ω˜) = −jc(−ω˜)
Ea(ω˜1)→ E′a(ω˜1) = Ea(−ω˜1) (D3)
under time reversal t → −t. Equation (D1) is equivalent
to −j′c(−ω˜) = σc;ab(ω˜; ω˜1, ω˜2)E′a(−ω˜1)E′b(−ω˜2). It can be
written as
j′c(ω˜) = σ′c;ab(ω˜; ω˜1, ω˜2)E′a(ω˜1)E
′
b(ω˜2) (D4)
if we define σ′c;ab by
σ′c;ab(ω˜; ω˜1, ω˜2) = −σc;ab(−ω˜;−ω˜1,−ω˜2)
= −σc;ba(−ω˜;−ω˜2,−ω˜1). (D5)
In the case of the DC generation where ω1 = −ω2, this re-
duces to
σ′c;ab(ω,Γ) = −σc;ba(ω,−Γ). (D6)
where σc;ab(ω,Γ) = σc;ab(0;ω + iΓ,−ω + iΓ).
Appendix E: Derivaion of Eqs. (9) and (10)
LetM be a point-group symmetry operation: xa → x′a =
Mabxb. The Bloch state transforms as
|ψnk〉 → |ψ′nk〉 = Mˆ|ψnM−1k〉. (E1)
When the system has M symmetry (i.e., Mˆ−1HMˆ = H),
|ψ′nk〉 = |ψmk〉Mmn(k) is satisfied, where Mmn(k) is a uni-
tary matrix that is nonzero only when Em(k) = En(M−1k).
Here, we do not assume that the system hasM symmetry and
focus on how quantities transform underM. From the trans-
formation property of the Bloch state, it follows that
|unk〉 → |u′nk〉 = Mˆ|unM−1k〉. (E2)
Then,
ramn(k)→ ra
′
mn(k) = gabr
b
mn(M−1k). (E3)
We can see this from
r′amn(k) ≡ 〈u′mk|i∂a|u′nk〉
= 〈MˆumM−1k|i∂a|Mˆu′nM−1k〉
=
∂(M−1k)b
∂ka
〈MˆumM−1k|i∂(M−1k)b |Mˆu′nM−1k〉
=Mabrbmn(M−1k), (E4)
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where we use that (M−1)ba =Mab. Similarly, we have
v′amn(k)
≡ ~−1 〈u′mk|∂aH ′(k)|u′nk〉
= ~−1 〈MˆumM−1k|∂a(MˆH(M−1k)Mˆ−1)|Mˆu′nM−1k〉
=Mabvbmn(M−1k), (E5)
where H ′(k) = MˆH(k)Mˆ−1, and H(k) = e−ik·rˆHeik·rˆ is
the Bloch Hamiltonian. From these properties, one can find
that
σ′c1;a1b1DC (ω,Γ) =Mc1cMa1aMb1bσc;abDC (ω,Γ), (E6)
where σ′c;abDC is defined from the M-transformed state |u′nk〉
and Hamiltonian H ′(k).
We can repeat this process for time reversal
|unk〉 → |ψ′nk〉 = Tˆ |un,−k〉. (E7)
For the dipole matrix elements,
r′amn(k) ≡ 〈u′mk|i∂a|u′nk〉
= 〈Tˆ um,−k|i∂a|Tˆ u′n,−k〉
= 〈Tˆ um,−k|Tˆ (−i)∂au′n,−k〉
= 〈(−i)∂au′n,−k|um,−k〉
= 〈u′n,−k|i∂a|um,−k〉
= ranm(−k), (E8)
where we use the antiunitary property of time reversal in the
third line, and we integrate by parts in the fourth line.
v′amn(k) ≡ ~−1 〈u′mk|∂aH ′(k)|u′nk〉
= ~−1 〈Tˆ um,−k|∂a(TˆH(−k)Tˆ−1)|Tˆ u′n,−k〉
= ~−1 〈Tˆ um,−k|Tˆ ∂a[H(−k)]u′n,−k〉
= ~−1 〈∂a[H(−k)]u′n,−k|um,−k〉
= −~−1 〈(∂aH)(−k)u′n,−k|um,−k〉
= −vbnm(−k), (E9)
We have
σ′c;abDC (ω,Γ) = σ
c;ab
DC (ω,Γ), (E10)
for linear shift and circular injection, and
σ′c;abDC (ω,Γ) = −σc;abDC (ω,Γ), (E11)
for circular shift and linear injection under time reversal. This
proves Eqs. (9) and (10). Let us note that the time-reversal
transformations derived here are consistent with Eq. (D6).
Appendix F: General form of shift current matrix elements
In the clean limit, the DC conductivity corresponding to the
shift current is
σc;abshift =
pie3
~2
∑
n,m
∫
k
fFDnmI
c;ab
nm δ(ωmn − ω), (F1)
where
Ic;abnm = −i(rbnmramn,c − rbnm,cramn), (F2)
and
ramn,c ≡ ∂cramn − i(rcmm − rcnn)ramn. (F3)
One can see that Ic;abnm is identical to (R
c;a
mn − Rc;bnm)rbnmramn.
Let us transform this to an expression involving only matrix
elements of the derivatives of the Hamiltonian. Here it is
enough to consider n ∈ occ and m ∈ unocc because of the
Fermi-Dirac distribution function. We first use Eq. (B2) to
write the derivative of ramn in terms of the velocity matrix el-
ements.
∂cr
a
mn = ∂c
(
vamn
iωmn
)
=
1
iωmn
[
∂cv
a
mn − vamn
∂cωmn
ωmn
]
. (F4)
The derivative of the velocity matrix element can be decom-
posed further as
∂cv
a
mn = ~−1 〈m|∂a∂cH|n〉+ i~−1[rc, ∂aH]mn
= wacmn + ir
c
mmv
a
mn − ivammrcmn
+ ircmnv
a
nn − ivamnrcnn
+ i
∑
p 6=m,n
(
rcmpv
a
pn − vamprcpn
)
= wacmn + i(r
c
mm − rcnn)vamn − ircmn∆amn
+
∑
p 6=m,n
(
vcmpv
a
pn
ωmp
− v
a
mpv
c
pn
ωpn
)
, (F5)
where we use Eq. (B1) and separate p = m or p = n compo-
nents from the p 6= m,n components in the summation in the
second line, and we use Eq. (B1) again in the last line. Using
the notation ∂cωnm = vcnn − vcmm = ∆cnm, we have
ramn,c =
1
iωmn
[
wacmn −
vcmn∆
a
mn + v
a
mn∆
c
mn
ωmn
+
∑
p 6=m,n
(
vcmpv
a
pn
ωmp
− v
a
mpv
c
pn
ωpn
)]
. (F6)
Accordingly, we have
rbnmr
a
mn,c =
vbnm
ω2mn
[
wacmn −
vcmn∆
a
mn + v
a
mn∆
c
mn
ωmn
]
+
vbnm
ω2mn
∑
p 6=m,n
(
vcmpv
a
pn
ωmp
− v
a
mpv
c
pn
ωpn
)
. (F7)
Let us note that the last term in Eq. (F7) (the 3-band pro-
cess) in fact should be summed over nondegenerate transi-
tions, i.e.,
∑
p 6=n,m should be
∑
ωp 6=ωn,ωm . To see this, we
note that the 3-band term is (which is the most clear from di-
agrammatic calculations with substitution ω → ω + iΓ in the
calculation of σc;ab(ω;ω1, ω2) [17, 20])
vbnm
ω2mn
∑
p 6=m,n
vcmpv
a
pn
ωmp + iΓ
− v
a
mpv
c
pn
ωpn + iΓ
. (F8)
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Applying rapn = v
a
pn/iωpn (and also r
a
mp = v
a
mp/iωmp) gives
Eq. (F7) assuming nondegeneracy of bands and taking Γ→ 0.
However, in the degenerate case where ωp = ωn for p 6= n,
vapn = iωpnr
a
pn does not imply r
a
pn = v
a
pn/iωpn. Those de-
generate cases should be omitted in the summation in Eq. (F7)
because vmpvpn ∝ ωpmωnp = 0 when degeneracy occurs.
Appendix G: Second-order response of general k-linear Dirac
Hamiltonian
Let us show that the following Hamiltonian have vanishing
shift current and linear injection current responses.
H(k) = ~
d∑
a,i=1
vaikaΓi. (G1)
Since this Hamiltonian is linear in momentum, the diamag-
netic term wacmn in Eq. (F7) vanishes. It follows that the in-
tegrand of the second-order optical conductivity is a tensor
under the map f(k) where f i = ~
∑
a vaika, i.e.,
σc;abDC =
∫
ddk∂cf
k∂af
i∂bf
jTijk. (G2)
where Tijk is a tensor in f -space.
σc;abDC =
∫
ddf det
(
∂fi
∂ka
)−1
∂cf
k∂af
i∂bf
jTkij
= ~3vaivbjvck det(~vai)
∫
ddfTkij(f)
= ~6vaivbjvck det(vai)
∫
ddkTkij(k)
= ~6vaivbjvck det(vai)σk;ijDC,0, (G3)
where we changed the name of the variable from f to k in the
third line, and σk;ij0 =
∫
ddkTkij(k) is the conductivity for
~vai = δai. Since the shift current and linear injection current
part of σk;ijDC,0 vanishes, this finishes the proof.
Appendix H: Quantum geometric tensor for Dirac Hamiltonians
1. Quantum geometric tensor
The quantum geometric tensor of the occupid states is de-
fined by
Qab =
∑
n∈occ
∑
m∈unocc
ranmr
b
mn, (H1)
where ranm = i 〈n|∂a|m〉. Its symmetric and antisymmetric
parts respectively correspond to the quantum metric and the
Berry curvature of the occupied states.
To see this, let us take occupied bands n1 and n2. Then,∑
m∈unocc
ran1mr
b
mn2
=
∑
m∈unocc
〈n1|i∂a|m〉 〈m|i∂b|n2〉
=
∑
m∈unocc
〈∂an1|m〉 〈m|∂bn2〉
= 〈∂an1|∂bn2〉 −
∑
p∈occ
〈∂an1|p〉 〈p|∂bn2〉
=
1
2
[
〈∂an1|∂bn2〉 −
∑
p∈occ
〈∂an1|p〉 〈p|∂bn2〉+ (a↔ b)
]
+
1
2
[
〈∂an1|∂bn2〉 −
∑
p∈occ
〈∂an1|p〉 〈p|∂bn2〉 − (a↔ b)
]
= (gab)n1n2 −
i
2
(Fab)n1n2 , (H2)
where the symmetric part
(gab)n1n2 =
1
2
[
〈∂an1|∂bn2〉 −
∑
p∈occ
〈∂an1|p〉 〈p|∂bn2〉
]
+ (a↔ b) (H3)
is the nonabelian quantum metric of the occupied states, and
the antisymmetric part
(Fab)n1n2 = i 〈∂an1|∂bn2〉 − i
∑
p∈occ
〈∂an1|p〉 〈p|∂bn2〉
− (a↔ b)
= ∂ar
b
n1n2 − ∂bran1n2 − i(ran1prbpn2 − rbn1prapn2)
(H4)
is the nonabelian Berry curvature of the occupied states,
where ran1n2 = i 〈n1|∂a|n2〉 is the nonabelian Berry connec-
tion of the occupied states. It follows that
Qab =
∑
n∈occ
(gab)nn − i
2
(Fab)nn
= gab − i
2
Fab. (H5)
2. Dirac Hamiltonian
Here, we consider the following dM × dM Dirac Hamilto-
nian
H = f0 +
∑
i
fiΓi. (H6)
Let us note that this kind of Hamiltonian describe genetric
two-band systems when dM = 2 and generic PT -symmetric
four-band systems with (PT )2 = −1 when dM = 4. Let
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us suppose that half of the bands are occupied. Then, since
~ωunocc − ~ωocc = 2
√∑
i f
2
i = 2f , we have
Qab =
~2
4f2
∑
n∈occ
∑
m∈unocc
vanmv
b
mn. (H7)
Also, the velocity matrix elements are given by
~vam 6=n = 〈m|∂aH|n〉 =
∑
i
∂afi · 〈m|Γi|n〉 . (H8)
It follows that
Qab =
1
4f2
∑
i,j
∂af
i∂bf
j
∑
n∈occ
∑
m∈unocc
〈n|Γi|m〉 〈m|Γj |n〉 .
(H9)
Let us evaluate the summation∑
n∈occ
∑
m∈unocc
〈n|Γi|m〉 〈m|Γj |n〉
=
∑
n∈occ
[
〈n|ΓiΓj |n〉 −
∑
m∈occ
〈n|Γi|m〉 〈m|Γj |n〉
]
.
(H10)
The first term is∑
n∈occ
〈n|ΓiΓj |n〉 =
∑
n∈occ
1
2
〈n|{Γi,Γj}|n〉+ 1
2
〈n|[Γi,Γj ]|n〉
=
dM
2
(δij + iJij), (H11)
where we use the property of Gamma matrices {Γi,Γj} =
2δij and define
Jij ≡ i
dM
∑
n∈occ
〈n|[Γi,Γj ]|n〉 . (H12)
As for the second term, we note that for m,n ∈ occ,
〈m|Γj |n〉 = −fj
f
δmn = −fˆjδmn. (H13)
One can see this as follows. First, if we dot product
〈m|Γj |n〉 with f , we have 〈m|Γj |n〉 fj = 〈m|fjΓj |n〉 =
−fδmn. On the other hand, for a vector n perpendicular to
f , 〈m|Γj |n〉nj = 〈m|njΓj |n〉 = 0 because njΓj anticom-
mutes with fiΓi. Since 〈m|Γj |n〉 is parallel to fi, we have
Eq. (H13). To sum up, we have
Qab =
∑
i,j
∂af
i∂bf
j dM (δij − fˆifˆj + iJij)
8f2
. (H14)
In two-band systems, we have Jij = −ijkfˆk because
[Γi,Γj ] = 2iijkΓk, where Γi = σi is a Pauli matrix. On the
other hand, in four-band systems described by a Dirac Hamil-
tonian, which are PT -symmetric four-band systems, we have
Jij = 0.
Appendix I: Compatibility between metric, symplectic form,
and connection
1. Metric connection
A connection γkij is called metric compatible if the inner
product done by the metric is invariant under parallel trans-
port [53]:
∇η = 0. (I1)
In components, it reads
∂kηij − ηilγlkj − ηjlγlij = 0. (I2)
This can be seen like this.
0 = (∇kη)ij
= ei · ∇kη · ej
= ∇k(ei · η · ej)−∇kei · η · ej − ei · η · ∇kej
= ∂kηij − γlkiηlj − ηilγlkj , (I3)
where we use the notation ηij = ei · η · ej and the defini-
tion ∇kei = γlkiel. A metric compatible connection is called
a metric connection. If a metric connection γkij satisfies the
torsion-free condition γkij = γ
k
ji (torsion is the antisymmetric
part of γkij), it is uniquely determined to be
γkij = g
kl 1
2
(∂iηlj + ∂jηli − ∂lηij) , (I4)
and it is called the Levi-Civita connection.
2. Symplectic connection
Similarly, a connection is called a symplectic connection
when it satisfies
∇ = 0. (I5)
In components, it reads
∂kij − ilγlkj + jlγlki = 0. (I6)
This follows from
0 = (∇k)ij
= ei · ∇k · ej
= ∇k(ei ·  · ej)−∇kei ·  · ej − ei ·  · ∇kej
= ∂kij − γlkilj − ilγlkj
= ∂kij + γ
l
kijl − ilγlkj . (I7)
Unlike the metric compatibility, this condition alone cannot
uniquely determine the connection even after imposing the
torsion-free condition γkij = γ
k
ji. However, adding metric
compatibility makes the connection unique. On the general-
ized Bloch sphere, the Levi-Civita connection is the unique
connection that is compatible with both the metric and the
symplectic form.
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Appendix J: Geometric interpretation of the circular shift current with more than two bands
Here we show that the matrix element of the circular shift conductivity is related with the Christoffel symbol of the first kind
defined between the n and m bands:
Γbca;nm =
1
2
(∂cgba;nm + ∂agbc;nm − ∂bgca;nm) , (J1)
where we define
gab;nm = Re
(
ranmr
b
mn
)
. (J2)
By using the identity
rbnmr
a
mn,c + r
b
nm,cr
a
mn = r
b
nm∂cr
a
mn − irbnmramn(rcmm − rcnn) + (∂crbnm)ramn − irbnmramn(rcnn − rcmm)
= ∂c(r
b
nmr
a
mn), (J3)
we obtain
Γbca;nm
=
1
2
(∂cgba;nm + ∂agbc;nm − ∂bgca;nm)
=
1
2
Re
[
∂c(r
b
nmr
a
mn) + ∂a(r
b
nmr
c
mn)− ∂b(rcnmramn)
]
=
1
2
Re
[
∂c(r
b
nmr
a
mn) + r
b
nmr
c
mn,a + r
b
nm,ar
c
mn − rcnmramn,b − rcnm,bramn
]
=
1
2
Re
[
∂c(r
b
nmr
a
mn) + r
b
nmr
a
mn,c − rbnm,cramn + rbnm(rcmn,a − ramn,c)− (rcnm,b − rbnm,c)ramn − rcnm(ramn,a − rbmn,b)
]
,
(J4)
where we add 0 = rbnmr
a
mn,c − rbnm,cramn − (rbnmramn,c − rbnm,cramn) in the last line and use Re(rbnm,arcmn) = Re(rcnmrbmn,a)
for the last term. Let us note that rcmn,a − ramn,c terms in the parenthesis are 3-band processes that envolve virtural transtions as
can be seen from Eq. (F6). Thus, we have
Γbca,nm =
1
2
Re
[
rbnmr
a
mn,c − rbnm,cramn
]
+
1
2
Re
[
∂c(r
b
nmr
a
mn)
]
+ 3-band process. (J5)
Equivalently, we find that the matrix element of the circular shift current is given by
Re
[
rbnmr
a
mn,c − rbnm,cramn
]
= 2Γbca;nm + ∂cgba;nm + 3-band process
= Γbca;nm − Γacb;nm + 3-band process. (J6)
An analogous proof for the complex part will be more challenging because it requires the calculation of the inverse quantum
metric because Γ˜bca = Fbd(g−1)deΓeca.
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